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A new method for the analysis of non-isothermal DSC and diffraction data
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Abstract

A general method for the analysis of non-isothermal kinetic data is presented. The method is suitable for the analysis of data
collected using time resolved powder diffraction and differential scanning calorimetry. The problems associated with previous
methods are outlined and the new expression derived. An implementation strategy is also presented. The method is illustrated
with the analysis of data collected as part of a real-time study of the I—II phase transition in NH4Cl. Energies of activation of
400(80) and 450(90) kJ/mol were obtained for this transformation using time resolved powder diffraction and differential
scanning calorimetry, respectively. © 1997 Elsevier Science B.V.
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1. Introduction

Industrial furnacing provides the primary route to
most of the materials that we use in our everyday lives.
The study of the kinetics of these processes provides
rate equations, which are needed for the design of pilot
or full scale production plants, and parameters such as
the activation energy, which allow different processes
or different reaction conditions to be compared. This
can aid in the optimisation of existing processes and
the development of new processes and synthesis
routes.

Time resolved powder diffraction (TRPD) and dif-
ferential scanning calorimetry (DSC) are the two
techniques that are most frequently used to study
the kinetics of solid state phase transitions and che-
mical reactions that involve solid components. For
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both TRPD and DSC, two methods of data collection
are commonly used: the isothermal method and the
non-isothermal method.

The isothermal method involves heating or cooling
the system under study to a temperature past the
reaction onset temperature and then monitoring the
reaction at that fixed temperature. This approach has
the advantage that the methods of data analysis are
well established [1] but suffers from the disadvantages
that: multiple measurements are required, knowledge
of the reaction onset temperature is necessary before
measurements can be made and it is not always
possible to heat the sample to the required reaction
temperature before the reaction has commenced.

The non-isothermal method involves heating or
cooling the sample at a constant rate to a temperature
well beyond the reaction temperature while monitor-
ing the reaction. This avoids the experimental pro-
blems associated with the isothermal method. In some
cases one non-isothermal measurement can give as
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much information as a series of isothermal measure-
ments and therefore offers a much more efficient data
collection route. For this reason many methods for the
analysis of non-isothermal data have been proposed
and the results of a large number of kinetic studies
using the non-isothermal method have been reported.
Unfortunately, the existing methods for the analysis of
data collected under non-isothermal conditions are
inappropriate for the majority of reactions and trans-
formations. This makes it impossible to compare
reported values determined using different methods.
We here present a general method for the analysis of
non-isothermal kinetic data which is free from any
assumptions, can be used with any rate equation and to
analyse data collected using both TRPD and DSC. The
method is demonstrated with an analysis of DSC and
TRPD data collected as part of a non-isothermal study
of the I—II phase transition in ammonium chloride.

2. Theoretical background

Integrated rate equations can be written generically
in the form [1]:

fla) =kt (1)

where « is the degree of reaction,  is the reaction rate,
t is the elapsed time since the start of the reaction and f
is a function that relates the degree of reaction to the
product kz. Some commonly used expressions are
contained in Table 1 [1].

The reaction rate is temperature dependant and can
usually be calculated from the Arrhenius equation [2]:

k = Aexp(—E/RT) @)

Here, T is the absolute temperature, R is the molar gas
constant, E is the overall effective activation energy of
the reaction and A is a constant, known as the pre-
exponential factor, that defines the maximum possible
value of .

Non-isothermal experiments take place under con-
ditions of constantly ramping temperature. If we
define T as the temperature at the start of the reaction
and b as the time rate of temperature increase, then the
temperature at time ¢ is given by:

T=bt+T, 3)

Eqs. (1)~(3) can be combined in a number of ways to

Table 1
Common forms of integrated rate equation

Acceleratory rate equations
Power law
Exponential law

f(a)zal/m
Aa)=Ina

Sigmoid rate equations
Avrami
Prout-Tomkins

fly=[-In(1-e)]'""
Ra)=In[a/1-a)]

Deceleratory rate equations
One-dimensional diffusion
Two-dimensional diffusion
Three-dimensional diffusion

j(a)=012
Ray=(1-a)In{l—a)+a
fe)=[1-(1-a)"*)

Geometric models
Contracting area
Contracting volume

Rey=1-(1-a)*?
fay=1-(1-a)'"

Note: The shape factors m and n are usually integer or half integer
and depend upon the mechanisms and dimensionality of nucleation
and growth.

give expressions relating the degree of reaction to the
activation energy. Such expressions form the basis of
the current methods of non-isothermal data analysis.
The most commonly used of these methods are those
proposed by Kissinger [3], Augis and Bennett [4],
Takhor [5], and Coats, Redfern [6], Sestak [7] and
Satava [8]. All of these methods were developed using
simplifying assumptions that limit their applicability:

1. All of these methods, except for that of Coats,
Redfern, Sestak and Satava, were derived speci-
fically in terms of the Avrami equation [9-13] and
are not applicable to a general rate equation.

2. The methods of Kissinger, Augis and Bennett,
Coats, Redfern, Sestak and Satava assume that
Tp is negligibly small compared with 7. This
assumption introduces a substantial error for reac-
tions that take place well above absolute zero.

3. All of the methods except that of Augis and
Bennett ignore the temperature dependence of k
during differentiation of the Avrami equation.

4. The scope of application of the methods of Coats,
Redfern, Sestak and Satava and Augis and Bennett
is limited by assumptions concerning the size of the
activation energy and associated quantities.

Other methods have been proposed [1,14], but none
are generally applicable or assumption free.
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3. New method of analysis

Inspection of Egs. (1)—(3) reveals that they can be
combined to give an expression that is generally
applicable. Firstly, Eq. (1) can be rearranged to
give:

k =]lc_’) 4)
then, equating this with Eq. (2) gives:

f—(t?—) = Ae~(E/RT) )

and then Eq. (3) can be used to substitute temperature
for time dependence which gives:

bf () ~(E/RT)

————=Ae 6
(T -To) ©
taking logarithms of both sides of this equation

gives:

bf () E

= - 7
In [(T — To):| In(A) =T @)

Plotting the left-hand side of this equation against 1/T
should give a straight line of gradient —E/R and
intercept In(A). This is the non-isothermal equivalent
of an Arrhenius plot [1] and will be referred to as a
In-In plot throughout the rest of this text. Eq. (7) can
incorporate any rate equation and is free from any of
the assumptions used to derive previous expressions
but, surprisingly, has not been previously proposed as
a basis for the analysis of non-isothermal kinetic
data.

Some rate equations have an extra parameter, in
addition to the rate constant &, which is usually also a
constant with respect to temperature and time. Two
such rate equations are the Avrami and power law
equations which contain the parameters n and m,
respectively (Table 1). Such equations can be written
in the form fAa)=g(a)’, where p is the unknown
constant and g is some function of a. After re-arrang-
ing Eq. (7) and multiplying by a constant g, we
obtain:

In[f(a)?] = q[ln(A) - 1_:3;_‘} 1 qln<T ; To)

®
then by setting g equal to the reciprocal of p this

becomes:

w4 5] +(557)

&)

Since the quantity [In(A)—E/RT]/p is constant for
any particular value of 7, a plot of In[g(a)] versus
In[(T—T,)/b] will have gradient 1/p. For example, for
the Avrami equation, putting g(co)=In[—(In(1—a))}
will yield a plot with gradient n and for a power
law rate equation, a plot with gradient m will result
from making g(a)=In(c). So any extra parameters can
be found by making a series of measurements at
different heating rates and then selecting the value
of the fraction transformed corresponding to a chosen
temperature from each of the measurements made.
The temperatures at which the values of the fraction
transformed are selected are most sensibly chosen so
that each value is non-zero. Values of the fraction
transformed can be selected at more than one tem-
perature; this gives a number of estimates of the
parameter p. For the case of the Avrami equation this
method is equivalent to the method proposed by
Ozawa [15] for determining » but without the assump-
tion that T is independent of heating rate since T is
explicitly included in Eq. (9).

For powder diffraction studies the degree of reac-
tion can be obtained directly from normalised TRPD
peak intensities. DSC data consists of measurements
of heat flow, Ag, which is proportional to the rate of
transformation. Normalised DSC data must be inte-
grated with respect to time in order to obtain the
degree of reaction. This can be done, for simple
first-order reactions, using the following expression:

T
a= —l—/Ada (10)
To

The normalisation constant ¢, which is equal to the
total heat output during the reaction, is given by:

T
c=/Ada (1)
To

where T} is the temperature at the end of the reaction.
Eqgs. (7) and (9) are sufficient for the analysis of
non-isothermal kinetic data collected using either
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DSC of TRPD. They contain no limiting assumptions
and can be used with any appropriate rate equation.

4. Implementation of the new method

Two factors are crucial for the correct implementa-
tion of the above expressions: the choice of rate
equation and the determination of the reaction onset
temperature.

4.1. Choice of rate equation

The choice of the correct form of the rate equation is
of the utmost importance since the results of any data
analysis depend upon the rate equation used. Two
methods can be used to distinguish between different
models: the first involves directly comparing the
observed degree of reaction curves with curves cal-
culated using each model and the second involves
considering the linearity of a In-In plot, using either
Eqs. (7) and (9), for each model.

Reaction curves are usually non-linear and compar-
ing them directly with curves calculated from rate
equations requires curve fitting by optimisation of a
number of parameters including: the pre-exponential
factor, the activation energy and the reaction onset
temperature. It is often difficult to reach a global best
fit between these curves. This introduces uncertainties
into the measure of the goodness of fit and the values
of the refined parameters. A In—In plot must be linear if
the activation energy is a constant. Any deviation from
linearity implies an inappropriate rate equation. Thus,
the ‘correct’ rate equation will always give a com-
pletely linear In-In plot. For this reason a In-In plot
provides the most reliable method of deciding on the
most appropriate rate equation.

In determining the similarity of data and values
calculated using a particular model the whole of the
data range must be used. Close similarity between a
model and the measured degree of reaction, or linear-
ity of a In-In plot, over a limited interval is not
sufficient to prove the appropriateness of that model.
For example, Fig. 1 contains plots of reaction curves
calculated from two models f(a) and f.(«), which are
sigmoidal and exponential, respectively. fi(a) is equal
to fla) of the Avrami equation and f.(a)=In(c)
(Table 1). Between the limits a and b the two models
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Fig. 1. The degree of reaction curves calculated from sigmoidal
( ) and exponential (- - -) rate equations.

predict the same values of the degree of reaction.
However, the values of fy(a) and f.(«) are completely
unrelated even between these limits. If fy(a)#f. ()
then by Eq. (1), k.7#k;. This will affect the values of A
and E determined using Eq. (7). The correct value of
the activation energy can only be determined using a
rate equation proportional to the correct rate equation.
In this case the constant of proportionality will be
absorbed into the value of the pre-exponential factor.
Any non-proportionality will cause the gradient of a
In—In plot to become non-linear. This makes determi-
nation of the activation energy impossible. Calculation
of activation energies from non-linear In-In plots
[1,16,17] cannot lead to reliable results.

4.2. Determination of the reaction onset temperature

The reaction onset temperature (7p) is the tempera-
ture at which the reaction actually starts. This quantity
is difficult to measure from non-isothermal data since
it involves only a small change in the property being
followed and so depends on the sensitivity of the
method used for measurement. Knowledge of the
temperature at which a reaction starts is necessary
for making a In—In plot.

The reaction onset temperature can be found by
minimising the absolute value of the intercept of a plot
of the measured degree of reaction versus the degree of
reaction calculated using an estimated value for the
reaction onset temperature (7). An expression for the
degree of reaction in terms of the reaction onset
temperature, the activation energy and the pre-expo-
nential factor can be obtained by rearranging Eq. (5).
For the specific case of the Avrami equation:
a=1—exp[—(k(T—-Tp)/b)"]. A In-In plot is used to
determine values of A and E for the measured values
of o assuming that the reaction onset temperature is
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equal to T". Values of the degree of reaction, orcac., can
then be calculated for each temperature (7) at which a
measured value of o exists. The intercept of a plot of
Qcqlc. VErsus a is the point where a=0. At this point,
T=T'=T,, so for the Avrami equation, a=1—exp
[—(K(T'—To)/b)"). If the intercept is non-zero then
in general, (T'—Ty)#0 and T’ is not equal to the
correct value of 7. By minimising the absolute value
of the intercept of a plot of o, versus o, the value of
T, can be determined. So the following procedure can
be used to find the reaction onset temperature:

1. An initial guess is made for the reaction onset
temperature from the measured degree of reaction
curve. A suitable value is the temperature at which
the degree of reaction is first observed to increase
from zero.

2. A In-In plot is made to determine initial values for
the pre-exponential factor and the activation energy.

3. A series of values of the degree of reaction, oy ,
are calculated.

4. A plot of acqc. versus a is made and the intercept
and gradient are measured.

5. The minimum absolute value of the intercept of the
Qtcalc. Versus o plot is found by varying the reaction
onset temperature.

6. This value of T is then used for making a final
In—In plot from which final values of A and E are
determined.

Since A and E must be recalculated for each new
estimate of T, an efficient method of minimisation
should be chosen, for example Brent’s Method [18]. If
the appropriate rate equation has been used, then the
gradient of the a,, versus a plot should be equal to
unity during the whole procedure.

5. Experimental

In order to illustrate the use of the above method we
present an analysis of data collected as part of a
simultaneous DSC and TRPD study of the transforma-
tion between phases I and II of ammonium chloride.

TRPD data were collected using the energy-dis-
persive powder diffraction (EDPD) facility at the
Daresbury Laboratory Synchrotron Radiation Source
(SRS) [19]. The SRS operates at 2 GeV with typical
electron beam currents of about 200 mA. The EDPD

facility is situated 15 m from the tangent point and
benefits from radiation emitted from two poles of a
superconducting wiggler magnet of peak field 5 T. The
facility receives useful X-ray flux from about 5 keV to
about 50 keV with a peak intensity of about 7x10"!
photons/s mm? in a 0.1% bandwidth at 10 keV. The
EDPD method uses a polychromatic beam of X-rays
and a solid state detector set at a fixed scattering angle,
which in this case was about 5°. The fixed geometry
makes it straightforward to obtain good quality spec-
tra, in a few seconds, from a sample contained in the
DSC with little or no contamination from the sample
can or case. The EDPD method has the disadvantage
that the momentum resolution is an order of magni-
tude worse than that obtained using monochromatic
techniques. In this case the constrained geometry and
the required speed of data collection made EDPD the
method of choice.

A ‘Linkham Scientific’ differential scanning calori-
meter [20] was used to make the DSC measurements.
This device has the advantage that it can be used at the
EDPD facility at Daresbury laboratory to make simul-
taneous DSC and TRPD measurements. The calori-
meter consists of a silver heating block, which
encloses the sample container, a resistance heater
and temperature and heat flux sensors, contained
within a controlled environment case. X-rays enter
and leave the cell through thin plastic windows in the
casing. Samples were contained in standard DSC
sample cans, made from two 7 mm diameter alumi-
nium cups that were crimped together to give a sealed
container, modified by the addition of mica windows,
one in each half, to allow the transmission of X-rays.
Good thermal contact between the sample containers
and the heating block was ensured by a spring which
held the containers in place. The sample containers
contained a few hundredths of a gram of analytical
grade ammonium chloride which had been obtained
from BDH limited and then ground to a fine powder
under liquid nitrogen.

Simultaneous TRPD (Fig. 2) and DSC (Fig. 3) data
were collected while heating at 10°min~". Diffraction
patterns were collected for 10 s each during heating.
Further DSC data were collected at constant heating
rates of 5, 10, 15, 20 and 25 degrees per minute.

The degree of reaction was determined from the
TRPD data by combining and normalising the areas
under the (200) reflection from phase I and the (110)
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Fig. 2. A 3-d plot made from a series of energy-dispersive powder
diffraction patterns collected during the transformation of a sample
of ammonium chloride from phase II (Fm3m) to phase 1 (Pm3m)
while heating at 10°/min.
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Fig. 3. A DSC trace collected during the transformation of a
sample of ammonium chloride from phase II (Fm3m) to phase 1
(Pm3m) while heating at 10°/min.

reflection from phase II for each of the powder dif-
fraction patterns. Peak areas were determined using a
profile fitting method [21].

An estimate for the reaction onset temperature of
465 K was made by inspection of the measured degree
of reaction curve (Fig. 6). Initial In-In plots (Fig. 4)
were made, using Eq. (7), for each of the rate equa-
tions in Table 1. Values of the activation energy
calculated from these plots are contained in Table 2.
Plots made using the Avrami equation were found to
come closest to a straight line so this equation was
used for subsequent analysis using both the new
method and the methods previously reported.

The DSC data were integrated and normalised using
Eqgs. (10) and (11) (Fig. 5). In—In plots were prepared
using Eq. (9) with the Avrami equation. Plots were

Table 2
Approximate values of the activation energy (E) calculated for
various integrated rate equations from plots using Eq. (7)

Form of integrated rate equation E (kJ/mol)
Power law 2000
Contracting area 800
Contracting volume 800
Diffusion (1-D) 1000
Diffusion (2-D) 2000
Diffusion (3-D) 2000
Avrami (n=2) 400
Avrami (n=3) 200
Avrami (n=4) 100

made for various temperatures and had an average
gradient of 2 (Table 3).

The reaction onset temperature was refined, starting
from the value of 465 K, using the procedure
described in Section 4 above, with n=2 in the Avrami
equation. The final value of the reaction onset tem-
perature was found to be about 460 K. The reaction
onset temperature could not be refined using any of the
other rate equations since they did not give linearc
In~In plots. A further In~In plot was made using the
data collected at 10°/min, to give a final value for the
activation energy (Table 4). There was found to be
close agreement between the observed degree of

Table 3
Values for n and goodness of fit (xz) determined from DSC data
from plots using Eq. (9)

Temperature (K) n X
475 1.8(3) 1.5
477 2.4(3) 0.88
479 2.14) 0.64
481 1.9(6) 0.46
482 1.8(7) 0.32
483 1.7(7) 0.25
Table 4

Values for the activation energy (E), pre-exponential factor (A), and
goodness of fit (x?) determined from TRPD and DSC data from

plots using Eq. (7)

Type of data E (kJ/mol) InA (Ins™") x2
TRPD 400(80) 100(20) 0.17
DSC 450(90) 110(25) 0.18
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Fig. 4. Plots of In-In made using Eq. (7) and the rate equations contained in Table 1: (a) Exponential law; (b) Contracting area; (c)
Contracting volume; (d, e, f) Avrami (n=2, 3, 4); (g, h, i) 1-D, 2-D and 3-D diffusion. In each case Y=In[bfla)/(T—To)]. The activation
energies contained in Table 4 were calculated from the gradients of the dashed lines.
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Fig. 5. The fraction of ammonium chloride transformed for various
heating rates (b) determined by integration and normalisation of
data collected using DSC. Values of the fraction transformed were
determined for each heating rate at 475, 477, 479, 481, 482 and
483 K and used with Eq. (9) to determine the values of n contained
in Table 3.

reaction curve and the curve calculated using the
Avrami equation with these parameters (Fig. 6).
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Fig. 6. The degree of reaction curve determined from TRPD data
(x x x x) together with the curve calculated using the Avrami
equation with n=2 (- - -).

6. Results and discussion

We have shown that the new method of analysis can
be used to determine which rate equation best
describes a particular reaction or transformation. In
this case it was found that the transformation was best
described by the Avrami equation.
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The reaction onset temperature was found to be
about 460 K by adjusting the intercept of an q. g,
versus « plot to be as close to zero as possible. This is
slightly higher than the values of 456.25 K [22] and
457.65 K [23] that have previously been reported for
the equilibrium transition temperature as would be
expected for a non-zero heating rate.

The new method was also used to determine a value
of 2 for n from the DSC data, and values of the
activation energy and pre-exponential factors from
both TRPD and DSC data (Table 4). Activation ener-
gies were found from the TRPD data using the Avrami
equation with n equal to 2, 3, and 4. Calculated curves
using each of these values matched the measured
degree of reaction curve equally well. This confirms
that a value for n cannot be found from a single non-
isothermal measurement [24].

The values found for the activation energy might at
first sight seem rather large. It must be remembered that
this is the activation energy per mole. In this case the
energy of activation probably corresponds to a mole of
nucleation sites. The transformation mechanism sugges-
ted by nbeing equalto 2 could be either one-dimensional
growth of crystals, or very rapid nucleation followed
by two-dimensional growth [1]. Previous microscopic
studies [25] support the latter mechanism.

The activation energies determined using the new
method are in agreement with each other but not with
the value of E=213(15)kJ mol™' found using the
isothermal method [23]. The cause of this disagree-
ment is that the value of n determined using the
isothermal method was 3. The new method used with
n set equal to 3 gave a value of 210(30) kJ mol " for
the activation energy which is in close agreement with
that determined using the isothermal method. Values
for n are determined from isothermal data using either
curve fitting [23] or a Sharp—Hancock analysis [26].
Both these methods rely on using data collected at the
beginning and end .of the transformation which tends
to be less reliable than that collected in the middle
section. The non-isothermal method has the advantage
that heating rates can be chosen so as to give maxi-
mum overlap of the temperature ranges of the middle
sections of reactions occurring at different heating
rates. Since, using the non-isothermal method, n is
determined at constant temperature, measurements
can be made without reference to values at the
extremes of the reaction curve.

Activation energies calculated using other rate
equations were found to be at least twice as large
as those found when using the correct form of the rate
equation (Table 2).

Some of the previous methods available for non-
isothermal data analysis were used to find values for
the activation energy and pre-exponential factor from
the TRPD and DSC degree of reaction curves
(Tables 5 and 6). Values of A were calculated where
possible using each method. Estimates for the good-
ness of fit, xz, have been included as indications of the
linearity of the plots [18]. The rate equation method,
using the Avrami equation with n=2, gave values
similar to the new method when used with the TRPD
data, but these were different to the values obtained
using the DSC data. The rate equation method, how-
ever, gave In-In plots that were inferior to, and there-
fore less reliable than, those obtained using the new
method. The other methods failed to give results that
were consistent and generally, did not give agreement
with the observed degree of reaction curves.

Table 5

Values for the activation energy (E), pre-exponential factor (A4), and
goodness of fit (x?) determined from TRPD data using the methods
of analysis mentioned in the text

Method E (kJ/mol) InA (ns™h b

CRSS (1) 1190(70) — 0.82
CRSS (2) 600(30) 310(20) 0.81
Rate equation 460(90) 110(24) 0.72

Note: CRSS (1) denotes the Coats—Redfern—Sestak—Satava method
with the assumption that E/RT<1. CRSS (2) denotes the same
method with the assumption that E/RT>>1.

Table 6

Values for the activation energy (E), pre-exponential factor (4), and
goodness of fit (x*) determined from DSC data using a selection of
methods of analysis

Method E (kJ/mol) InA (Ins™) X2
CRSS (1) 1700(200) — 0.14
CRSS (2) 900(100) 220(40) 0.074
Rate equation 700(200) 180(50) 2
Takhor 60(20) 120(29) 0.27
Kissinger 42(2) _ 6.8
Augis-Bennett 30(20) 17(10) 0.95

Note: CRSS (1) denotes the Coats—Redfern—Sestak—Satava method
with the assumption that E/RT<1. CRSS (2) denotes the same
method with the assumption that E/RT>1.
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The goodness of fit parameters obtained using the
Coats—Redfern—Sestak—Satava method were found to
be very small when the assumption that E/RT>>>1 was
made. However, the values for F obtained were much
larger than those obtained using the other methods.
During the derivation of the CRSS method the
assumption that 7o« T is made. The new method gives
values for the activation energy of a similar magnitude
to those obtained using the CRSS method with
E/RT>1 when the reaction onset temperature is set
to zero. So, even though the CRSS method in this
case gives the straightest line the assumption that
To<T leads to the wrong value of the activation
energy.

7. Conclusions

We have presented a method suitable for the ana-
lysis of non-isothermal data collected using either
DSC or TRPD. The method allows the correct rate
equation to be found, the reaction onset temperature to
be calculated and gives values for other parameters
such as the energy of activation. Our analysis suggests
that the values of the activation energy calculated
using previous methods tend to be too large.

Results obtained using the non-isothermal method
are of a similar accuracy to those calculated using
isothermal methods, but the non-isothermal method
has important advantages over the isothermal method.
One non-isothermal run can yield all the relevant
information if the reaction mechanism is a simple
one, and the problems associated with reaching iso-
thermal temperatures before the onset of the reaction
are avoided. Values of other parameters, such as n in
the case of the Avrami equation, are more reliably
determined since they can be found from In-In plots
using Eq. (9) at a large number of temperatures. This
means that the lower quality data measured at low
degrees of transformation need not be used.

This new method provides a common framework
for the analysis of data collected in kinetic studies
using both TRPD and DSC. The use of this method
will allow comparison of the results of different
investigations and forms the basis for detecting
mechanistic differences between processes.
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